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Abstract--The mass and stiffness distributions for helicopter rotor blades are to be tailored in such a 
way to give a predetermined placement of blade natural frequencies. The optimal design is pursued with 
respect of minimum weight, sufficient inertia and reasonable dynamic haracteristics. The finite element 
technique will be used as a tool. Rotor types include hingeless, articulated and teetering. 
NOMENCLATURE 
a location of tip mass 
A area of cross-section f box beam 
b width of box beam 
c blade chord 
d~, d: wall thickness of box beam 
El,, flapping stiffness 
El:: inplane stiffness 
F(t) forcing function 
g gravity 
GJ torsional stiffness 
h height of box beam 
1 moment of inertia 
I, portion of / that  remains fixed 
/B,. 18, area moment of inertia of box beam 
L,~, I,,, constant area moment of inertia of blade 
Ms,, M~, mass moment of inertia of box beam 
M,,,. M,,, constant mass moment of inertia of blade 
I length of an element 
p thickness of trailing edge cell 
pl .  p2, p3 blade first three frequencies (no/rev) 
t. t, box beam thickness, skin thickness 
V,,, V~ . . . . .  V,, forcing amplitude 
to, blade frequencies 
w, lumped weight 
I. INTRODUCTION 
1.1 Helicopter design 
The design of helicopter rotor blades involves not only consideration f strength, survivability, 
fatigue and cost, but also requires that blade natural frequencies be significantly separated from 
fundamental erodynamic forcing frequencies (e.g. Ref. I). A proper placement of blade fre- 
quencies is a difficult task for several reasons. First, there are many forcing frequencies (at all 
integer-multiples of the rotor RPM) which occur at rather closely spaced intervals. For example, 
5/rev and 6/rev are less than 20% apart. Second, the rotor RPM may vary over a significant 
range through the flight envelope, thus reducing even further the area of acceptable natural 
frequencies. Third, the natural modes of the rotor blade are often coupled because of pitch 
angle, blade twist, offset between the mass center and elastic axis, and large aerodynamic 
damping. These couplings complicate the calculation of natural frequencies. In fact, the de- 
pendence on pitch angle makes frequencies a function of loading condition, since loading affects 
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collective pitch. Fourth, the centrifugal stiffness often dominates the lower modes, making it 
difficult to alter frequencies by simple changes in stiffness or mass. 
In the early stages of the development of the helicopter, it was believed that helicopter 
vibrations could be reduced (and even eliminated) bv the correct choice of structural coupling 
and mass stiffness distribution. However, it is easy to imagine hov, difficult it is to find just 
the proper parameters such that the desired natural frequencies can be obtained. The difficulties 
in placement of natural frequencies can lead, in many cases, to preliminary designs which 
ignore frequency placement. Then, after the structure is "'finalized" (either on paper or in a 
prototype blade), the frequencies are calculated (or measured) and final adjustments made. 
Reference 2 describes the development of the XH- 17 helicopter in which a 300-1b weight was 
added to each blade in order to change the spanwise and chordwise mass distribution and thereby 
move the first flapwise frequency away from 3/rev. The authors were confident hat similar 
adjustments o the mass distribution (and thus to the frequencies and modes of the blades) could 
greatly reduce rotor vibration on other rotors. An analytic study in Ref. 3 predicts that chordwise 
mass distribution could also be used to lower overall helicopter vibrations. In particular, a 
forward shift of mass is shown to be useful because it places torsion in resonance with a 
particular harmonic, The torsion loads can then be tuned to cancel undesirable blade loads. The 
study also shows, however, that such mass changes may have an adverse ffect on stability: 
and thus stability and vibration must be studied together. Similar benefits of inertia pitch-flap 
coupling are also observed in shaker tests in Ref. 4. 
These positive results, and others like them, were at least partially responsible for the 
optimistic outlook so aptly presented in Ref. 5. In that reference, six helicopter pioneers 
expressed their belief that helicopter vibrations can be reduced through proper blade and fuselage 
design. This optimism of the 1950s was somewhat eroded in the 1960s and 1970s as the true 
complications of rotary-wing dynamics became better known. Nevertheless, the belief is still 
held by most dynamicists that simple concepts (such as frequency placement) can go a long 
way toward improving rotor design. For example, in Ref. 6 six helicopter pioneers (some of 
them authors of Ref. 4), reminisce on the early da~s of rotary wing and the recent advances in 
our understanding of helicopters. Yet they still contend that much can be learned from simple 
principles. 
Presently, helicopter blades are not tailored to give a set of desired natural frequencies. 
Instead, blades are designed based on other considerations (including the desired aerodynamic 
characteristics and the cumulative xperience of the designers). Then, after the design is analyzed 
(either by computer program or by fabrication and testing), the designer checks for frequencies 
that are poorly placed. These are then adjusted by judicious application of lumped inertias at 
crucial spanwise locations. These after-the-fact alterations, however, can be detrimental to blade 
weight, blade cost and the development time of the aircraft. Sometimes, the problems are 
unsolvable, and a helicopter is left with a noticeable resonance problem. 
The state-of-the-art in helicopter technology is now to the point, however, that it should 
be possible to correctly place rotor frequencies during preliminary design stages. There are 
several reasons for this. First, helicopter otor blades for both main rotors and tail rotors are 
now being fabricated from composite materials (Refs. 7 and 8). This implies that the designer 
can choose, with limited restrictions, the exact El distribution desired. Furthermore. the lightness 
of composite blades for the main rotor usually necessitates the addition of weight o give sufficient 
autorotational b ade inertia. Thus there is a considerable amount of flexibility as to bow this 
weight may be distributed. Second, the methods of structural optimization and parameter iden- 
tification are now refined to the point where they can be efficiently applied to the blade structure. 
Some elementary techniques have already been used for the design of rotor fuselages (Ref. 9). 
It follows that the time is right for the use of structural optimization in helicopter blade design. 
Some work on this is already under development: and some companies are already experimenting 
with the optimum way to add weight to an existing blade in order to improve vibrations. 
1.2 Previous work 
In this light, we would like to mention a few recent attempts at application of optimization 
techniques to rotor blade design. In Ref. I0. an optimization procedure is applied in order to 
reduce blade loads consistent with aeroelastic stability. The procedure is not completely auto- 
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mated, however, and the designer must make the design increment at each iteration based on 
numerical sensitivity parameters. The biggest needs (as identified in this work) are the complete 
automation of the optimization and the formulation of realistic design constraints. In Ref. I 1, 
an optimization package is applied to an aeroelastic response program. The results mirror the 
earlier conclusions of Refs. 2-4. In particular, minimization of vibrations tends to drive some 
natural frequencies close to integers in order to cancel oads. (The rotor becomes an isolator.) 
Although this turns out to be a good mathematical solution, stability analyses in Ref. I 1, as in 
Refs. 2-4, show that the coalescence of frequencies to suppress vibration tends to introduce 
aeroelastic instabilities. Thus flutter margins tend to become the dominant constraints. Fur- 
thermore, minimization of loads at one flight condition may not at all minimize loads at others. 
Another investigation i to vibration reduction by alteration of mass and stiffness distribution 
is given in Ref. 12. In that reference, a tip weight is used to change the mode shape. It is 
hypothesized that changing the mode shape such that it is orthogonal to the forcing function is 
a way to lower vibrations. However, the conclusions are uncertain since the frequencies also 
are changed by this added weight (e.g. the second flap mode moves away from 5.06 to 5.19 
per rev). One also notices that the loading distribution changes with flight condition so that 
modal shaping may help one condition but hurt others. Other related previous work is found 
in Ref. 13. That paper shows that design to minimum loads can result in a disjoint solution. 
Fortunately, in helicopter problems we generally begin with an adequate (but not perfect) blade 
design. Thus many questions uch as this one (i.e. disjoint solutions in the design space) are 
automatically avoided. We already have a good first guess and merely wish to refine it. 
1.3 Scope 
In this paper we undertake a much less ambitious aim than the minimization of hub loads. 
Instead we look at the problem of using optimization techniques in order to place natural 
frequencies. Even within this reduced problem there are varying levels of complexity. For 
example, one could consider the retrofit problem: 
"Given a blade design find the amount and location of added masses required to move 
frequencies away from integer resonances." 
One could also consider the basic design problem in which both stiffness and mass distributions 
may be chosen. In this paper, we treat both problems. 
The scope of this present work is not just to find a mass and stiffness distribution to give 
desired frequencies. It is also to determine meaningful constraints and objective functions that 
will result in realistic designs. In this area, several items are noteworthy. First, there is the 
airfoil envelope. Whatever the structural engineer designs must lie within the airfoil cross- 
section. Second, there is mass balancing. The center of mass of each section should be forward 
of the one-quarter chord. Third, there is the autorotational constraint. The blade must have 
sufficient mass moment-of-inertia o insure a safe autorotational capability. Fourth, there is 
strength. The blade must be strong enough to endure the centrifugal loads as well as the oscillatory 
bending loads. This last criteria is the most elusive of the four. Designers know how to make 
a very soft section (hinge or flexure) which nevertheless can withstand high centrifugal and 
bending loads. Such flexures generally do not fall within an airfoil envelope, however, and are 
placed near the root. Therefore, in the work to follow, we first obtain "optimum" designs and 
then check to see if the required E1 distribution has unrealistically soft spots. Similarly. we 
check the final designs for axial stresses. 
In summary, we work with simple (but realistic) rotor-blade designs and experiment with 
constraints and objective functions in order to determine the feasibility of designing to a desired 
set of frequencies. 
1.4 Overview of optimal structural design 
Most approaches to optimal structural design may be classified into three categories. (For 
recent review articles ee Refs. 14 and 15.) One such category is "variational methods." These 
generally rely on techniques from the mathematical theory of the calculus of variations, and, 
when applicable, often provide useful physical insight into the nature of an optimal design. 
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Unfortunately, only relatively simple problems can be solved by this approach, since the math- 
ematics becomes intractable when complex engineering structures are considered. 
A second category of structural optimization techniques consists of the application of 
mathematical programming methods together with the discretization of the structure by finite 
element techniques. This approach to optimization was founded in 1960 (Ref. 16) with the hope 
that more complex structures could be analyzed than were possible when using the analytical 
techniques of the calculus of variations. However, in the late 1960s it became apparent that 
mathematical programming method had limitations of their own, namely, unacceptably ong 
computation times occurring when the number of design variables become large (over 20-100, 
depending on the type of structure). Fortunately, several improvements developed over the last 
few years appear to have significantly extended the capability of the mathematical programming 
approach, and as a result, it is this approach we intend to draw upon for solution techniques 
in this research. 
A third category of structural optimization approaches i the "optimality criterion" ap- 
proach in which an equation expressing some necessary condition of optimality is used as the 
basis for constructing an iterative (successive r design) procedure. Originally developed because 
of dissatisfaction with mathematical programming techniques, the optimality-criterion approach 
initially relied on intuitive optimality criteria such as constant stress-ratio and uniform strain- 
energy density conditions. More recently, optimality criteria (and associated redesign equa- 
tions) have been derived from the Kuhn-Tucker conditions (see, e.g. Ref. 17) for a constrained 
minimization problem. 
The optimality criterion approach seems especially well-suited to problems with a large 
number of design variables. Since our design problem will have a moderate number of variables 
and since deriving efficient redesign equations for our problem is not immediately straightfor- 
ward, we initially prefer the mathematical programming approach over the optimality-criterion 
approach. 
A structural optimization computer program, called CONMIN (Ref. 19), is available from 
NASA. It is this program that is used in our present work. CONMIN is based on the mathematical 
nonlinear programming method of feasible directions. 
1.5 Formulation ofproblem 
Because numerically based optimization is best carried out with discrete variables, the 
finite element technique stands as the most logical choice for the blade model. A recent research 
project (Ref. 18) has resulted in a finite-element computer program that is ideally suited to the 
work here. The program allows for tapered, twisted finite elements in a rotating environment. 
The existing code can calculate natural frequencies (with and without aerodynamic terms) and 
forced response. 
Another important aspect of the rotor-blade optimization problem is the selection of the 
optimality criteria nd constraints o be imposed. Our design problem has certain features which 
are unusual compared to typical problems occurring in the structural optimization literature. 
There are basically three categories of criteria. In the first class, one would minimize weight 
given constraints on the natural frequencies (i.e. frequency "windows"). In this case, a con- 
straint on rotary inertia is also implied since a rotor must have sufficient inertia to autorotate. 
The advantage of this approach is that it is directly related to the physical realities of design. 
The disadvantage, however, is that the first guess will probably not be feasible (that is will not 
have frequencies that fall in the "windows"). This can be a stumbling block to convergence. 
A second type of criteria is one in which the objective is to minimize the discrepancies between 
desired frequencies and actual frequencies. The constraint then becomes a window on autoro- 
tational inertia. Although this avoids unfeasible solutions, it does not directly minimize weight 
(although weight is limited by the autorotational constraint). An objective function can be 
constructed that combines combined blade mass and frequency placement, but the relative 
weightings of the two components is not obvious. The third category of constraint is to minimize 
vibrations directly without regard to frequency placement. Although this appears on the surface 
to be the perfect solution, there are problems. First, calculation of vibrations is an order-of- 
magnitude more difficult than the calculation of frequencies. Second, past efforts at this have 
resulted in strange designs, incompatible with standard helicopter practice. Third. there is still 
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the problem of the weight-vibration trade-off. In this work, we intend to concentrate on the 
first two categories with some attention to the third. 
Another type of constraint involved in the problem is the limitation on structural properties. 
The blade planform, airfoil and twist are chosen by the aerodynamicist on the basis of per- 
formance. The structural engineer must choose his design to fit in the aerodynamic envelope 
given. There are five structural parameters to be chosen: (I) flapping stiffness, (2) inplane 
stiffness, (3) torsional stiffness, (4) mass and (5) torsional moment of inertia. In practice, these 
cannot be chosen completely independently. Figure i shows the envelope of a typical blade 
section. All stiffness is assumed to reside in a box-beam of dimension b x h with thickness t. 
d~, d,. This beam is placed as far forward as possible (to keep the elastic axis near the ¼ chord). 
Mass properties are due to the box-beam, skin, honeycomb and two lumped masses. The lumped 
mass in the tip is typical of rotor blades and is used to keep the mass center forward of the 
aerodynamic center. A second mass is included to allow independent choice of mass and mass- 
moment. The constraints of this construction are given in the figure. In addition, there are 
minimum constraints on t, dr, dz both to maintain allowable stresses and to remain within 
manufacturable limits. Finally, our work includes flutter criteria in a simplified manner. First. 
we can choose frequency placement such that no coalescence occurs between flap-lag, flap- 
torsion or lag-torsion. Second, we constrain the five parameters in Fig. ! such that the mass 
center is always forward of the ¼-chord, a common design practice to prevent orsion-flutter in 
rotor blades. 
2. OPTIMIZATION OF ROTORS 
2.1 Definitions for teetering rotors 
In this section we perform optimization of a blade with the realistic cross-section of Fig. 
1. For the sake of calculation of torsional stiffness, this is further idealized as shown in Fig. 
2. This section is sufficiently general that both the bending and torsional stiffnesses of some 
I. It el' 
b 
Cell I: Constant thicknesses for sides of box beam 
represent weiqhtlKI effects of variable 
thickness elements. 
Cell 2: This cell represents configuration of 
skin and trailin~l edqe. 
Fig. 2. Idealized two-cell model for calculation of torsional stiffness. 
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currently existing blades can be matched. Using the generic cro,,s-~c~.'tion a d starting from the 
design of the Bell UH-ID main rotor, we have studied the po,,sihilit~ of moving natural 
frequencies away from resonances while simultaneously satisf?ing constraints on the follo~ ing: 
stress, the size of lumped weights to be added, capability of autorotation and thickness of the 
main structural member (the box-beam). Because a teetering blade is considered, cyclic and 
collective modes of vibration are calculated independently by a change in the boundary condition 
at the blade root. In the initial phase of the study, we considered collective flapping modes 
first, then cyclic flapping and finally combined collective and cyclic flapping. The results of 
these studies were favorable (i.e. we were able to change the frequencies in the desired manner 
and still satisfy the constraints). Building on these results, in the second phase of this section. 
we consider a more challenging problem which involves combined modes of collective flapping, 
cyclic flapping, collective inplane, cyclic inplane and torsional vibrations. 
In this section, the primary design variables are (l) the wall thickness of the box-beam 
and (2) lumped weights, that can be added at specified stations along the beam. In the final 
problem studied, the wall thicknesses are taken as fixed, and only the lumped weights are 
allowed to vary. This situation corresponds to that encountered in practice when a blade has 
been designed and manufactured, but then found to have poorly placed frequencies--thus lumped 
weights are added at various positions along the beam to change the frequencies. We found 
that our optimization routine was able to handle the design modification adequately, although 
the total weight of the beam could not be used as the objective function, as had been done 
previously. Instead, a "frequency placement" objective function was used. 
2.2 Flapping frequencies 
The first set of optimization problems in the section is concerned with collective flapping 
response only. The starting design for the optimization procedure in each of the three cases 
studied is a typical metal-bladed teetering rotor with a diameter of approximately 24 ft. Ten 
finite elements are used to model the rotor: their lengths are given in Table 1. The objective 
of the optimization is to minimize the total weight of the blade. The design variables are the 
Table 1. Initial and final design for collective tlapping modc~, 4teetering rotorl 
l o te t |ng  Speed : ]24 RPM mass of moment 
¥oungs ModuLus : 0.105 x 10 tb / in  iner t ia  • 0.5429 x 10 ib - in  
Axis|  Stress < 20,000 psi density of box beam 0.000253 mugs/in 
ELement Mo. I 2 3 4 5 6 7 8 9 10 
Length (in) 14.4 14.4 14.4 43.2 28.80 28.80 28.8 28.80 43.20 43.2 
Arel Moment io (unchanged) 48.6 93.38 64.8 5.76 1.76 1.47 1.03 1.03 1,03 1.83 
of Iner t ia  
( in )  Box Beam In i t .  1.86 1.86 1.86 1.86 1,86 1.86 1.86 1.86 1.86 1.86 
I (#) F inal  0.51 0.81 0.51 0.63 8.51 0.51 0.51 0.56 1.72 1.91 
Man. kua~oed Weight 42.72 86.02 3.06 9.19 6.13 6.13 6.13 5.13 9,19 9,19 
( tb )  
LUmped Weight (#) In i t .  42.72 86.02 41.38 20.46 9.23 6.45 6.13 6.40 14.3 20.46 
Final 42.72 86.02 3.06 9.19 6.13 6.13 6.13 6.13 9,59 32.54 
BOX Beam Weight Zn i t .  1.98 6.68 4.68 14.05 9.36 9.36 9.36 9.36 9.36 9.36 
( tb )  FinaL 0.94 2.22 2.22 7.19 4 .4]  4.45 4.45 4.60 13.08 14.~6 
Note: (#] - design var iab le  
Znitiai 
FinaL 
Natural Frequencies (No. / rev)  
CoLLective FLapping CycLic FLapping 
(fixed boundary) (pinned boundary) 
1.15<pi<1,5  
3.4 <p2<3.6  
6.4 <p3<6.6  
8Lade Welght pt p2 p3 
( ih )  
344.3 1.19 3.26 6.00 
265.6 1.17 3.59 6.53 
Area moment of inertia : I = 2.5~3t 3 - 7.780t  2 * 7 .T80~ ~ 0.5]67 
where t is the top thickness of box Deam 
0.000~4 < t < 9.7383 
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wall thicknesses t, of the finite element representation f the box-beam (the structural member 
in the rotor--see Fig. I) and the lumped weight w, associated with each finite element. The 
lumped weight is the sum of two components, a fixed component (representing the weight of 
the leading and trailing edge strips, honeycomb, skin and nose weight) and a variable component 
(representing additional nonstructural mass which may be added at various positions along the 
length of the rotor) to modify the dynamic behavior in a desired manner. The side conditions 
on the element hicknesses are, in units of inches, 
0.00044 < t~ < 0.732. 
The side conditions on the lumped weights consist of a lower bound only, which represents he 
fixed component of weight for each element and is given in Table I under the heading "W,,,n". 
Note that the element thicknesses t~ are not given in Table 1" instead, the area moment of inertia, 
1, is presented. Using the dimensions given in Fig. 3, we can show that 1 is related to the 
thickness by the equation 
1 = 2.593t 3 - 7.780t: + 7.780t + 0.5067. 
The moment of inertia is given, rather than the thickness, to facilitate comparison with 1o, the 
portion of the moment of inertia which is contributed by those parts of the cross-section other 
than the box-beam. (Thus 1o remains fixed as t, is varied.) Table 1 also contains the values of 
the box weight, which are calculated by multiplying the weight density of the box-beam aterial 
by the cross-sectional area of the box. Thus the box weight is not an independent design variable, 
but depends on the thickness ti. The box weight is included in the table to facilitate comparison 
with the distribution of lumped weight. The constraints for the optimization are both the au- 
torotation constraint, 
t sum(wi)r? = >0.5567 x 10 7 lb-in: 
(where w~ is the total weight of element i, and r~ is the distance from the root to the center of 
the ith finite element). The frequency constraints will be described in subsequent sections of 
this paper. Some additional data which complete the problem description are the values of the 
elastic modulus, 0. 105 × 108 lb/in:, the radius, 288.8 in, the rotational speed, 324 rpm and 
the mass density of the box-beam material. 0.000262 mugs/in 3. 
2.2.1 Collective modes. The initial problem to be considered is the optimization of the 
blade with respect to collective flapping modes only. Because we are studying a teetering rotor, 
the collective mode of flapping may be analyzed by imposing a fixed boundary condition at 
the root of the rotor. The imposed frequency constraints are 
1.15 < pl < 1.50, 
3.40 < p2 < 3.60, 
6.40 < p3 < 6.60, 
"t I- ,65,. -1 TI ......... II 
2.0in 
l-"[[" o.~8~n "ll" o.3si. 
Fig. 3. Dimensions and definiti(.)n of design variable for box-beam cross-section. 
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in which pl.  p2 and p3 are the first three collective flapping mode frequencies nondimension- 
alized by dividing by the rotor speed. 
The starting design for the optimization algorithm is given in Table 1 under the heading 
"'initial." This initial design was chosen to correspond closely with an actual rotor blade: thus 
it is not surprising to find that the design is infeasible with respect o the frequency constraints 
we have imposed. The optimization algorithm used in this study, CONMIN, supposedly permits 
an infeasible starting point and attempts to proceed from this starting point to a feasible point. 
However, for our design problems, this feature of CONMIN failed to produce a feasible design 
after many iterations. As an alternative approach, we formulated a preliminary optimization 
problem in which the previous objective function (weight) was replaced by a "frequency- 
placement" objective: 
obj fp = (3.50 - p2)'- + (6.50 - p3) z. 
The numbers 3.50 and 6.50 are the average of the bounds of the frequency constraint inequalities 
which are violated by the initial design. The remainder of the optimization problem is the same 
as the original problem, except hat the constraints on those frequencies which appear in the 
frequency placement objective are omitted. CONMIN was applied to this preliminary problem. 
In the process of minimizing the preliminary objective, CONMIN was able to drive the fre- 
quencies ufficiently close to their bounds that a feasible design (with respect o the original 
problem) was obtained. At this point, the original objective function was reinstated and CONMIN 
applied once again. 
Table 1 gives the optimized esign obtained by this two-stage optimization procedure, with 
the corresponding frequencies and the total weight. From the point of view of helicopter 
vibrations, the initial design of this blade is acceptable, since (except for the third mode) the 
number/rev is far away from even integer values. The third mode is, however, near 6.0;rev. 
The frequency of the second mode does not satisfy the inequality constraints, but is not near 
an even integer multiple. Note that the final design moves the third frequency to 6.53, while 
keeping the other frequencies within the constraints. At the same time, the weight of the blade 
drops from 344.5 to 265.6 lb. 
2.2.2 Cyclic modes. The next problem to be studied is the optimization of the blade with 
respect o cyclic modes of flapping. The nondimensionalized frequency constraints are now 
0.90 < pl < 1.05, 
2.40 < p2 < 2.60, 
4.40 < p3 < 4.60, 
in which p l, p2 and p3 are the first three cyclic nondimensionalized flapping-mode frequencies. 
For cyclic flapping modes, the boundary condition at the root corresponds to a pinned support. 
The frequency-placement objective was again chosen by noting which frequency constraints 
were violated by the initial design. Noting the initial frequency values given in Table 2. we 
define 
obj ~h = (2.50 - p2) 2 -t- (4.50 - p3)-'. 
Table 2 gives the optimal design found by the two-stage optimization procedure with the 
corresponding frequencies. The final weight of the blade is shown to drop from 344.5 to 
295.2 lb. 
2.2.3 Combined collective and cyclic modes, Next we consider the optimization of the 
beam with respect to combined collective and cyclic modes. Thus in each iteration an analysis 
must be performed to find the frequencies corresponding to a fixed boundary, condition: and 
then another analysis must be performed to find the frequencies for a pinned boundary condition. 
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Table 2. Initial and final design for cyclic flapping modes (teetering rotor) 
Rotating Sl~ed : 326 hPlq nmss of moment 
TOW~tl$ xodutus : 0.103 • 108 tb / in  2 iner t ia  • 0.3429 • 107 Ib - tn  2 
Axia l  Stress • 20,000 psi density of box bees : 0.000263 II~lg$/in 
Element No. I 2 3 6 5 6 7 0 9 10 
Length ( | f l )  14.4 16.4 16.4 45.2 28.80 28.00 20.8 28.80 43.2 43.2 
Area Nc.uent Is (Lmchenled) 48.6 93.38 64.8 5.76 1.76 1.47 1.03 1.03 1.03 1.03 
of In~rtls 
( in )  ion gem [n i t .  1.86 1.86 1.86 1.86 1.86 1.86 1.06 1.06 1.06 1.86 
[ (#) F inal  0.$3 0.51 0.51 2.04 0.$1 0.51 0.31 1.75 0.51 0.51 
Xln.  kuapecl weight 42.72 86.02 3.06 9.19 6.13 6.13 6.13 6.13 9.19 9.19 
( tb )  
tunq~d Weight (#) ln l t .  62.72 86.02 61.38 20.46 9.23 6.66 6.13 6.40 14.3 20.46 
Final 42.72 86.02 3.06 9.19 25.08 10.61 6.13 11.54 12.8 34.8 
gox Oeaa Weight I n l t .  1.98 6.68 4.68 14.05 9.36 9.36 9.36 9.36 9.36 9.36 
( tb )  F ina l  0.96 2.22 2.22 6.63 10.28 6.43 6.43 8.11 6.56 6.56 
Note: (#) --  design variable 
Naturni Frequencies CNo./rev) 
CoLLective Flapping CycLic Ftspping 
(f ixed bc)~nclary) (pinned boundsry) 
0.9¢p1¢1.0S  
2 .6 (p2¢2.60  
4.6cp3<4.60 
BLade weight pl p2 p3 
( tb )  
lnitisL 34&.3 1.02 2.64 4.67 
Ftnet 295.2 1.02 2.50 6.50 
Ares moment of inertia : I • 2.393t 3 - 7.780t 2 • 7.780t ÷ 0.5067 
where t Is the top thickness of box be0m 
0.0004; ¢ t • 0.7320 
All other aspects of the design problem remain the same as before. The constraints on the 
collective flapping modes are 
1.15 < pl  < 1.60, 
3.40 < p2 < 3.60, 
6.30 < p3 < 6.60. 
The constraints on the cyclic modes are 
0.90 < pl < 1.10, 
2.40 < p2 < 2.60, 
4.40 < p3 < 4.60. 
For this problem, weighting factors are introduced into the frequency-placement objective, 
obj fp = [2(3.50 - p2) 2 + (6.45 - p3)Z]c,~ivc + [2(2.50 - p2): + (4.50 - p3)"]cycli~. 
The results of the optimization are given in Table 3. The cyclic modes of the initial design are 
well-placed in the sense that they are not near odd integers/rev, but the third collective mode 
is near 6.0/rev (the same as in the first example). Note that the final design moves the third 
collective frequency to 6.33 while keeping the other frequencies in the "safe" range. However, 
the weight of the blade only decreased from 344.5 to 338.5 lb, in contrast to the previous 
example in which the weight decreased to 265.6. The difference is caused by the larger number 
of frequency constraints in this example compared to the previous example. 
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2.3 Simultctneous /lclpping, inplane and torsion 
The next problem to be studied is that of optimizing a teetering rotor blade subject to the 
follov, ing simttltaneous constraints on frequencies (nondimensionalized by dividing by the rotor 
rotational speed): 
(1) Collective flapping modes, 
(2) Cyclic flapping modes, 
(3) Collective inplane modes, 
(4) Cyclic inplane modes, 
(5) Torsional mode, 
0.5 < p l < 1.5. 
2.3 < p2 < 3.7, 
4.3 < p3 < 5.7. 
0.5 < pl < 1.5, 
1.3 < p2 < 2.7, 
3.3 < p3 < 4.7. 
0.0 < pl < 1.0, 
4.3 < p2 < 5.7, 
14.3 < p3 < 15.7. 
0.1 <p l  < 1.5, 
5.3 < p2 < 6.7, 
17.3 < p3 < 18.7. 
3.3 < pl < 3.7. 
Table 3. Initial and final design for collective and cyclic flapping modes 
Rotating Speed : 324 RPN mass of moment 
YOUnBS Modulus : 0.105 x 108 Lb/in 2 inert ia  • 0.5429 x 107 lb-~n 2 
Axial  Stress < 20,000 psi density of box beam : 0.000263 mugs/in 
Element ~o. I 2 3 4 5 6 7 0 9 10 
Length ( in )  14.6 16,6 14.4 43.2 28.80 28.80 28.8 28.00 43.2 43.2 
Area Moment 1o (unchanged) 48.6 93.38 64.8 5,76 1,76 1.4T 1.03 1.03 1,03 1,03 
of Iner t ia  
( in )  Box Beam Knit .  1.86 1.86 1.86 1.86 1.86 1.86 1.86 1.86 1.86 1.86 
I (#) Final 1.36 0.51 2.17 3.05 0.51 0.51 0.51 2.09 0.786 3.05 
Nin, Lumped Weight 42.72 86.02 3.06 9.19 6.13 6.13 6.13 6.13 9,19 9.19 
([b) 
Lumped weight (#) Knit .  42.72 86.02 61.38 20.46 9.23 6.66 6.13 6.40 14.3 20,66 
Final 42.72 86.02 23.95 31.75 6.13 6.13 6.13 6.13 9,46 9.19 
BOX Beam Weight ln i t .  1,98 4.68 6.68 16.05 9.36 9.36 9,36 9.36 9.36 9,36 
( tb)  Final 1.53 2.21 5.51 31.51 6.63 6.63 6.63 17.34 7.90 31.51 
Note: (#7 "" design var iable 
Blade Weight 
( Ib )  
In i t ia l  344.5 
Final 338.5 
Natural Frequencies (No. / rev. )  
Col lect ive Fl ipdtng Cyclic Flapping 
( f ixed  boundary) (pinned boundary) 
1.15 • pl  • 1.60 0.9 < pl  < 1.10 
3.40 • p2 • 3.60 2.4 < p2 • 2.60 
6.40 • p3 • 6.60 4.4 • p3 • 4.60 
pl p2 p3 pl  p2 p3 
1.19 3,26 6.00 1,02 2.64 4.67 
1.20 3.40 6,33 1.02 2.64 4.58 
X 7"700t 2 Area moment of fner t la  : I = Z.Sg3t" - * 7 .780t  * 0.5067 
where t is the top thickness of box beam 
0.00044 < t < 0.7320 
Design of helicopter rotor blades for optimum dynamic haracteristic~ 95 
(The first lower bound for cyclic inplane modes, 0.10, was later replaced by 1.0 in the for- 
mulations of the following sections.) Because we are considering a teetering blade, the collective- 
flapping and cyclic-inplane modes can be modeled by clamped boundary conditions at the root, 
while the cyclic-flapping and collective-inplane modes can be modeled by pinned boundary 
conditions. 
The elastic modulus, blade length, speed of rotation and density of the box-team material 
are unchanged from the values used before. In addition to frequency and autorotation constraints. 
the axial stress is constrained to be less than 20,000 psi. The value of the bound in the 
autorotational constraint has been changed slightly to 0.5429 x 107 lb-in:. 
In the problem described herein, the thicknesses, t~, d~, and d.,~, of both the vertical and 
horizontal walls of the box-beam (see Fig. 1) are allowed to vary--that is, are also design 
variables, with the following side constraints (in units of inches), 
0.01 < t~ < 1.0, 
0.01 < d~ < 2.32, 
0.01 < dz~ < 2.32, i=  1,2 . . . . .  10. 
The initial values of these variables are given in Table 4. In the problems discussed in sections 
2.3.2 and 2.3.3, the box-beam dimensions ti, d~i, and d.,i are fixed at these initial values. 
Table 4 also gives data defining both fixed and initial stiffness and inertia values of the 
blade. In the tables, 10, and/o~ represent the portions of the flapping and inplane area moments 
of inertia of the blade section which are independent of the design variables. Is,. and Is, are the 
area moments of inertia of the box beam and are functions of the (initial) values of the design 
variables, w,, dti, d2i and t~. Ms., and Ms~. are the rotary inertias of the box beam with respect 
to flapping and inplane and are calculated simply by multiplying the mass density of the box- 
beam material by the area moment of inertias. Mo,. and Mo~ are the contributions to the rotary 
Table 4. Data for teetering rotor blade 
Rotating Speed: 324 RPM mass of moment 7 
Youngs ModuLus : 0.105 x 1Q8tb/in 2 iner t ia  • 0.5429 x 10 2lb/~n 2
Axial  Stress • 20,000 psi density of box beam 0.000263 mug / in  
ELement No. I 2 3 & 5 6 7 8 9 10 
Length ( in )  14.4 14.& 14.4 43.2 28.80 28.80 28.8 20.80 43.2 43.2 
t ( in )  0.600 0.600 0.600 0.435 0.318 0.282 0.266 0.266 0.266 0.266 
Box Beam 
OJmentiofl dl  ( in )  0.550 0.550 0.440 0.452 0.464 0.464 0.464 0.464 0.464 0.464 
d2 ( in )  0.224 0.224 0.224 0.224 0.175 0.125 0,125 0.125 0.125 0.125 
Ibx ( in  4) 2.93 2.94 2.92 2.62 2.24 2.09 2.03 2.03 2,03 2.03 
Area and 
4 m~$s lax ( in )  47.54 92.30 64.05 5.38 1.53 1.30 0.85 0.85 0.85 0.85 
moment of 
inert ia  Mba (mug-in)xlO "3 0.760 0.770 0.765 0.685 0.586 0.347 0.532 0.532 0.532 0.532 
of y -ax is  
Max (mug- ln)xlO "2 0.273 0.273 0.270 0.200 0.080 0.040 0.022 0.022 0.022 0.022 
4 Iby ( in )  12.79 12.80 12.50 10.54 8.98 8.57 8.40 8.40 8.40 8.40 
Area and 
4 mass lay t in  ) ;8.11 160.50 312.90 294.22 210.66 167.62 132.50 102.70 84.90 81.88 
l~ment of 
inert ia  Mbx (mug-|n)xlO "2 0.335 0.335 0.327 0.276 0.236 0.225 0.225 0.225 0.225 0.225 
of x-axis 
nay (~g- in )x lO  "2 0.015 0.015 4.378 8.146 5.690 4.490 3.576 3.280 3.190 2.930 
Nin ~umped .eight (Lb) 96.54 55.77 2.69 8.07 5.38 5.38 5.38 5.38 8.07 8.07 
u "" tt Jped weight ( [b )  96,54 55.77 6.95 11.63 7.68 5.76 5.38 6.12 11.81 19.98 
GJ ( tb - in2x lO 6 ) 55.0 55.0 53.5 43.0 34.0 32.0 31.0 31.0 31.0 31.0 
Rotary iner~ta (mug' ln  2) 0.000 0.000 0.097 0.163 0.107 0.081 0.075 0.086 0.165 0.279 
tw ig) r ib /2 )  
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inertia of the section which are independent of the design variables. Note that since these 
contributions come from items with different densities, a single uniform value of density cannot 
be defined for the Mo terms. 
Other initial inertia and stiffness properties are also defined in Table 4. As before, the 
lumped weights associated with the finite elements are taken as design variables: but, to permit 
greater latitude in placing torsional frequencies and to match more closely the behavior of a 
true helicopter blade, a torsional spring is introduced at the blade root: and its stiffness is taken 
as a design variable. The side constraints on the lumped weights are given in Table 4 under 
the heading wmm; the side constraint on the torsional stiffness consists of the requirement that 
the stiffness be non-negative. 
Since a torsional mode is involved, special treatment is given to G J, the torsional rigidity, 
which is a function of all variables including t, d~, d,, the area of the trailing edge, and the 
lumped mass. The procedure for calculating GJ is described in Ref. 20. upon which this paper 
is based. 
Table 4 also contains the contribution of the lumped weight to the rotary inertia, which 
equals the lumped mass (wJg) x (b/2) 2. This expression has been chosen to match the behavior 
of the true blade. It is assumed that the lumped weights of the first two elements contribute 
nothing to the rotary inertia. 
2.3.1 Variable box dimension. As was done with the optimization involving flapping only, 
a two-step optimization procedure is used, which involves a frequency-placement objective 
followed by a weight objective. The frequency-placement objective has the general 
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Table 5. Initial and final design for flapping, inplane and torsional modes of teetering rotor blade with variable 
box-beam dimension 
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[ tecmnt  No. 1 2 3 & $ 6 ? 8 9 10 
O.O,t'°xlg'amt ( , )  1 0.600 0.600 0.600 0.435 0.316 O.ZIZ 0,266 0.266 0.266 0.266 
• 1.0 F 0.375 0.441 0.471 0.363 0.38~ 0.335 0,306 0.290 0,153 0.183 
lOS l i l t  d l  i f )  I 0.550 0.550 0.440 O.&S2 0.464 O.&6& 0.464 0.464 0.464 0.464 
0.01 • dl • 2.32 f 0.506 0.529 0.429 0.636 0,498 0.516 0.501 0.471 0.416 0.441 
Iox I tem d2 (#)  i 0.226 0.224 0.224 0.226 0 .1 /3  0.125 0.125 0.125 0.125 0.125 
0.01 • d2 • 2.32 F 0.213 0.210 0.219 0.168 0.123 0.127 0.126 0.126 0.120 0.123 
Xin 96.54 55.77 2.69 8,07 5.38 5.38 5.38 5.38 8.07 8.07 
Lumped weight (#) i 96.54 55.77 6.95 11.63 7.68 5.76 5.38 6.12 11.81 19.98 
(1b1 F 96.54 55.77 5.58 10.61 9.59 7.15 6.40 6.89 8.93 26.87 
Stress x 104 i 1.40 1.34 1.30 1.61 1.87 1.85 1.73 1.49 1,11 0.44 
(ps i )  F 2.00 1.70 1.60 1.96 1.66 1.63 1.56 1.36 1.60 0.62 
NotUrlt Frequencies (Ms . / ray . )  
Col Lecttve 0y¢1 Is ¢yc1 Ic Col Loot lye Torsion 
f l ipp ing  imp|erie f l ipp ing  irlpLene 
( f i xed)  ( f  IJ¢ed) (h inged)  (h inged)  
0.5 • p l  • 1.5 0.1 • p l  < 1.5 0.5 • p l  < 1.5 0.0 • p l  < 1.0 3.3 
Totei mass Soot-Spr ing 2.3 • p2 • 3.7 5.3 • p2 • 6.7 1.3 • p2 • 2.7 4.3 • p2 < 5.7 • p l  • 
Weight S t i f fness  (#)  &.3 • p3 • 5.7 17.3 • p3 < 18.7 3.3 • p3 < 4 .7  1&.3 • p3 • 15.7 3.7 
(Lb) ( in -  Ib / rad . )  p l  p2 p3 pl p2 p3 pl  p2 p3 p l  pZ p3 pl 
I 3f, S.O 6.5 x 105 1.18 3.22 5.89 1.22 7.05 18.50 1.00 2.56 6.65 0.00 5.71 15.63 3.87 
F 339.0 &. lO x 105 1.18 3.09 5.67 1.19 6.70 16.40 1.00 2.51 4.63 0.00 5.50 15.69 3.40 
Weight ing Factor * * 2.60 * 3.30 * * * * * * 4.10 
Desi red Frequency * * 5.00 * 6.00 * * * * • * 3.50 
Note: (#1 --  Oesign Var iab le  ( * )  - -  Zero 
Table 6. Initial and final design for flapping, inplanc and torsional modes of teetering rotor blade with box- 
beam dimension fixed 
[Lement NO. 1 Z 3 4 5 6 7 8 9 10 
SIX Beam t (#)  i 
0.01 • t < 1.0 F 
Rex Ream dl  (#)  [ 
0.01 •d l  • Z.32 F 
Box Ream d2 (D) I 
0.01 ¢ d2 • 2.32 F 
Nin 96.5A 55.77 2.69 8.07 5.38 5.38 5.38 5.38 0.07 0.07 
Lumped weight  (#)  i 96.54 55.77 6.95 11.63 7.68 5.76 5.38 6.12 11.81 19.98 
(Lb) F 96.54 55.77 6.95 14,72 14.52 11.52 8.77 6.78 11.86 26.69 
Stress x 104 I 1.60 1.3/, 1.30 1.61 1.87 1.85 1.73 1.49 1.11 0.44 
(ps i )  F 2.00 1.70 1.60 1.96 1.65 1.63 1.53 1.36 1.60 0.63 
Natura l  Frequencies (No . / rev . )  
Co l lec t ive  ¢y¢L1¢ ¢y¢L1¢ Co l lec t ive  Torsion 
f l ipp ing  InF, t J~  f lapp ing  tnp lsn*  
( f i xed)  ( f i xed)  (h inged)  (h inged)  
0.5 • p1 ¢ 1.5 0.1 • p l  • 1.5 O.S • p l  • 1.5 0.0 ¢ p l  • 1.0 3.3 
Total NSS Root-Spr ing 2.3 • p2 ¢ 3.7 5.3 • p2 • 6 .7  1.3 ¢ p2 • 2.7 4.3 ¢ p2 • 5 .7  • p l  • 
weight  S t i f fness  (#)  4.3 • p3 • 5.7 17.3 • p3 • 18.7 3.3 • p3 • 4 .7  14.3 < p3 • 15.7 3.7 
( ib )  ( in -  Lb / rsd . )  p l  p2 p3 pl  p2 p]  p l  p2 p3 pl  p2 p3 p l  
1 345.0 6.S x 105 1.18 3.21 5.87 1.22 7.05 18.S0 1.00 2.58 4.63 0.00 5.71 15.63 3.87 
f 371.5 4.38 x 105 1.18 3.10 5.56 1.4)9 6.38 17.32 1.00 2.51 4.56 0.00 S.25 14.92 3.49 
Weight ing Fester  * * 3.30 • 3.30 * * * * * * * 4.20 
Desi red Frequency * * 5.00 * 6.00 * * * * * * * 3.50 
Note: (8 )  - -  Design Vor l ib te  ; ( - )  -" Dos Dee| Olnlenslon 18 f i xed  ; ( * )  - -  Zero 
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root bending inertias. Thus it seems reasonable to include the value of 10, at the root as one of 
the design variables. The frequency-placement objective is used throughout he optimization 
(the weight is not used as the objective), and all starting data and fixed parameters are given 
the same values as in Section 2.3.2. Values of the weighting factors and frequency bounds 
which appear in the objective function are given in Table 7 with the results of the optimization. 
The results of Table 7 differ from those of Tables 5 and 6. The lumped weight changes 
at the first, fourth and fifth elements. The stiffness of the root spring moves from 6.5 x 105 
to 4.32 x 105 in-lb/radian. However, the most significant effect is the change of/0, (the bending 
moment of inertia at the root from 48.11 to 290.29 in~). Table 7 shows that all frequencies are 
placed in the desired range. 
2.4 Optimization of first articulated rotor blade 
As in the previous sections, we begin with data for an existing rotor blade. In this case, 
data for a typical Sikorsky design is used. Considerable ffort was expended in attempting to 
choose box-beam dimensions and other stiffness and mass parameters in the finite-element 
model in order to match the natural frequencies of the given blade. The motivation for this 
procedure is that once a "matching" finite-element model has been constructed in this way, it 
is possible to optimize the blade by using the matching model as the initial design. The blade 
has the following characteristics: ( 1 ) The blade is articulated with a rigid hub; thus no distinction 
is made between collective or cyclic modes for flapping and inp[ane motions; (2) the blade is 
pretwisted: (3) a root spring is present for torsional motion: and (4) a hinge offset is present 
for both flapping and inplane motion. The matching finite-element model for this blade is given 
in Table 8. The table also contains some additional information used in the optimization such 
as the rotation speed, axial-stress bound and autorotation bound. The subscript o refers to 
unchangeable area and mass moment of inertia, while the subscript b refers to the contribution 
of the box in the initial design. 
The initial objective function for the optimization is the weighted sum of the squares of 
the differences in frequencies. The weighting factors are chosen by trial and error. (Some 
frequencies, which do not initially satisfy the frequency constraints and would thus be expected 
Table 7. Initial and final design for flapping, inplane and torsional modes of teetering rotor blade with box- 
beam dimension fixed except root stiffness 
Element NO. I 2 3 4 S 6 7 8 9 10 
Box Beam t (#)  1 
0.01 • t • 1.0 F 
Box Seam d l  (#) [ 
0.01 < d l  < 2.32 F 
BOX Beam d2 (#)  I 
0.01 < d2 • 2.32 F 
N in  96.34 33.7? 2.69 8 .07 5.38 5.38 5.38 5.36 8 .07 8.07 
t umped weight (#) i 96.54 55.7? 6.95 11.63 ?.68 5.76 5.38 6.12 11.81 19.98 
(Ib) F 96.54 53.91 6.93 18.14 Ia.21 3.76 $.38 6.12 11.81 19.63 
Stress x I0 G ! 1.40 1.34 1.30 1.61 1.67 1.83 1.78 I.G9 1.11 0.44 
(psi) F 1.48 1.41 1.38 1.70 1.91 1.85 1.73 1.1,9 1.11 0.44 
Root icy (in 4) --{#) Natural Frequencies (No./rev.) 
I 48.11 Cot tec t ive  Cyc l i c  Cyc l i c  Co l lec t ive  Tors ion  
F 290.29 f t app i n 9 i np [ane f [ appl  ng i np(  ane 
. . . . . . . . . . . . .  ( f i xed)  ( f i xed)  (h inged)  (h inged)  
0.3 < pl < 1.5 1.0 < pl • 2.0 0.5 < pl < 1.5 0.0 • pl < 1.0 3.3 
Total  mass Root -Spr ing  2.3 < p2 • 3 .7  7.3 < p2 < 8 .7  1.3 • p2 • 2 .7  /*.3 • p2 < 5.7 • p l  < 
Weight S t i f fness  (#)  4 .3  • p3 • 5 .7  18.3 • p3 • 19.7 3.3 < p3 • 4.7 14.3 < p3 • 15.7 3 .7  
( tb )  ( in -  lb / rad .  ) p l  p2 p3 p l  p2 p3 p l  p2 p3 p l  p2 ~3 p l  
1 345.0 6.5 x 105 1.18 3.21 5.8; '  1.22 7.05 18.50 1.00 2.58 /*.63 0.00 5.71 15.63 3.87 
F 379.0 4.32 x 105 1.18 3.14 3,35 1,53 7.71 19.36 1.00 2.4F 4.50 0.00 5.45 15.39 3.51 
Weight ing  Factor  3.30 6.67 3.30 " 4.20 
Oesi red Frequency 5.00 1.50 8.00 * * 3.5(] 
Note:  (#) -- Oeslgn Variable ; (-) -- 8ox Ream Dimension is fixed ; (*) -- Zero 
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toter(rig Speed : 293 RPN 
8 2 
Youngs ModuLus : 0.160 X 10 Lblin 
Axia& Stress • 30,000 psi 
mass of moment 
Inert ia • 0.2000 x 10 ? Ib/~n 2 
density of box beam : 0.00041? mugs~in 
Element No. I 2 3 4 5 6 ? S 9 10 
Length ({n)  16.4 26.4 26.4 26.4 26.4 26.4 26.4 26.4 26.4 26.4 
t ( in )  0.140 0.120 0.090 0.072 0.060 0.060 0.060 0.060 0.060 0,060 
80~ geam 
Oimmatan d l  ( in )  0.34~ 0.530 0.390 0.068 0.055 0.042 0.048 0.055 0.0~2 0.025 
d2 ( in )  0.100 0.120 0.090 0.060 0.060 0.060 0.060 0.060 0.060 0.060 
4 
Ibx ( in )  0.671 0.631 0.502 0.376 0,319 0.317 0.318 0.319 0.317 0.166 
Area end 4 
mass Iox ( in )  0.380 0.480 0.15& 0.067 0.036 0.020 0,025 0.036 0.020 0.021 
lament of 
inert le Mbx (mug-in)x10 "3 0.280 0.263 0.210 0.160 0.133 0.132 0.132 0.133 0.132 0.069 
of y-mxts 
Mox ( lug - in )x10  "2 0.211 0.319 0.278 &.769 0.395 0.261 0.296 0.3&l 0.311 0.293 
& 
Iby ( in )  0.000 8.333 6.555 3.2?8 2.820 2.700 2.754 2.820 2.700 1.355 
Area and 
4 
lass Ioy ( in )  3.750 1.770 7.630 11.10 11.24 11.23 11.75 12.61 11.05 6.33 
iloment of 
InertJ8 Mbx ( lug - in )x lO  "2 0.000 0.367 0.273 0.136 0.117 0.112 0.114 0.117 0.112 0.056 
Of X'SXis 
Xoy (mJg-in)x10 "2 0.211 0.319 0.278 4.769 0.395 0.261 0.296 0.341 0.311 0.293 
Nin Lumped weight ( tb )  0.89 1.435 1.435 1.435 1.435 1.&35 1.&35 1.435 1.435 1.435 
N "" L~l ld  vTight ( lb) 6.718 9.088 1.970 1.435 2.352 5.852 6.342 6.573 6.372 5.962 
GJ ( tb - ln  x10 ) 16.00 I&.60 11.20 8.40 7.20 7.00 7.10 7.20 7.00 4.00 
Pretw|et Angle (tad) 2 0.00 0.872 3.849 6.980 5.06 3.&9 1.745 -1.745 -1.920 -3.66 
Inert ia ( lug - In )x lO  "2 0.0 0.687 0.149 0.109 0.178 0.464 0.4?9 0.49? 0.402 0.451 Rotary 
(w/g)e(b/2)  
to occur in the objective function, are chosen to have weighting factors of zero.) Once the 
optimization algorithm finds a feasible design, the objective function is changed to be the weight 
of the blade. The design variables are the box-beam flange thicknesses ti, wall thicknesses dr~ 
and d.,i, lumped weights wi, and root-spring stiffness. Table 9 gives the initial and final designs. 
The frequencies given in the table are denoted by p~ (i = I, 2, 3) and correspond to coupled 
modes. They have been separated into categories of "flapping", "inplane" and "torsion" 
based on the motion which dominates the particular mode. Note that the optimization procedure 
has moved the p_,-flapping and p,_-inplane frequencies into the feasible region (i.e. the inequality 
constraints on these frequencies are now satisfied). 
The optimization just described is appropriate when an entirely new blade is to be built. 
A different problem arises when a blade has already been built, but must be modified through 
the introduction of lumped weights at various stations along the blade. The corresponding 
optimization problem consists of keeping the dimensions of the box-beam fixed, while allowing 
the lumped weights and root-spring stiffness to vary. Table 10 shows the results obtained from 
such a procedure. The dimensions of the box beam have been fixed at the initial values given 
in Table 8. Again, the optimization procedure has moved the p_,-flapping and p.,-inplane fre- 
quencies into the feasible region. 
It should be noted that although the changes in frequency given in Tables 9 and 10 are 
relatively small, the results presented in these tables are significant in that they demonstrate the 
feasibility of using the optimization algorithm to move the blade's natural frequencies away 
from near-resonant conditions. Furthermore, in a practical design application of the optimization 
procedure, the analyst would spend considerable ffort to "fine tune" the finite-element model 
of the blade, including possibly adjusting stiffness and mass terms to match experimentally 
measured data. The accuracy of the resulting finite-element model would be such that even 
relatively small changes in natural frequency would be significant. 
2.5 Optimization of second articulated rotor blade 
In this section we perform an optimization of an articulated rotor blade with data supplied 
by Hughes Helicopters. As before, it is necessary to develop a matching finite-element model 
I00 DAVID A. PETERS et el. 
Table 9. Initial and final design for flapping, inplane and torsional modes of articulated rotor blade w ith variable 
box-beam dimension 
Element No. I 2 3 4 5 6 7 0 9 10 
Box gea~ t (f) ( 0,140 0.120 0.090 0.072 0.060 0.060 0.060 0.060 0,060 0.030 
0.01 < t • 0.7 F 0.159 0.114 0.044 0.093 0.079 0.071 0.055 0.046 O.O&7 0,047 
Box Beam dl (#) I 0.343 0.530 0.390 0.068 0.055 0.042 0.048 0.055 0.042 0.025 
0.01 • ~1 • 2.75 F 0.384 0.580 0.422 0.071 0.057 0.043 0.049 0.055 0.042 0.024 
SOX gum 42 (#) [ 0.100 0.120 0.090 0.060 0.060 0.060 0.060 0.060 0.060 0.024 
0.01 • 42 • 2.75 F 0.104 0.126 0.093 0.062 0.062 0.062 0,061 0.060 0.059 0.024 
Nin 0.890 1.435 1.435 1.435 1.435 1.435 1.435 1.455 1.435 1.435 
Lumped uelght (N) I 6.718 9.088 1.978 1.435 2.352 5.052 6.342 6.573 6.3?2 5.962 
( tb)  f 5.459 5.575 1.936 1.617 3.098 8.457 6.276 4.696 4.B66 ?.044 
Stress x 104 l 1.39 1.32 1.64 2.54 2.84 2.60 2.12 1.55 0.94 0.61 
(psi) f 1.27 1.31 1.56 2.04 2.19 2.11 2.01 1.71 1.1S 0.71 
Total mass  Root-Spring 
Neight St i f fness  (#) 
( lb )  ( in - lb / rad . )  
l 96.55 2.41 x 106 
I 96.48 2.89 x 106 
Weighting Factor 
Oesired Frequency 
Natural Frequencies (Mo. l rev, )  
F lapp ing  [npLane 
(hinged) (o f f se t )  
0.01 < pl  • 1.50 0.01 • pl  < 1.50 
2.23 < p2 • 2.63 4.30 • p2 • 4.70 
4.26 < p3 • 4.67 12.30 • p5 • 12.70 
pl  p2 p3 pl  p2 p3 
1.03 2.70 4.51 0.24 4.04 12.30 
1.03 2.54 4.43 0.24 4.69 12.44 
t 1.99 * 
• * 4.50  • 
Torsion 
(spring) 
4.3 < pl • 4.7 
pl 
4.25 
4.45 
1.00 
4.50 
Note: (#) -- Design Var iable ( * )  "" Zero 
Table 10. Initial and final design for flapping, inplane and torsional modes of articulated rotor blade with box- 
beam dimension fixed 
ELement NO. 1 2 3 4 5 6 7 8 9 10 
80x Oeam t (#) ! 
0.01 < t • 0.7 F 
8ox Beam dl (#) [ 
0.01 < dl < 2.75 F 
BOX Beam d2 (#1 1 
0.01 < d2 • 2.75 F 
Nin 0 .89  1.435 1.435 1.435 1.435 1.435 1.435 1.435 1.435 1.435 
t ~,Ipe4 *e ight  (#) I 6.716 9.088 1.978 1.435 2.352 5.852 6.342 6.573 6.372 5.962 
( tb )  F 6.015 6.164 2.401 1,981 3.779 8.745 4.288 4.067 4.525 7.595 
Stress x 104 I 1.39 1.3~ 1.64 2.54 2.04 2.60 2.12 1.55 0.94 0.61 
(psi) F 1.37 1.30 1.61 2.49 2.74 2.41 1.91 1.47 1.00 0.75 
Nature( Frequencies (No . / rev . )  
f l epp in  9 inpLene Torsion 
(h(nged) (o f f se t )  ( spr ing)  
0.01 < pl  < 1.30 0.01 < p l  < 1.50 
Total mass  Root-$pring 2.23 • p2 • 2.63 4.30 • g2 • 4.70 4.5 < pl • 4.7 
Weight S t i f fness  (g)  4.26 • p3 • 4.67 12.30 • p3 < 12.70 
( tb )  ( in . tb / rad . )  pl  p2 p3 pl  D2 p3 pl  
[ 96.55 2.41 x 106 1.03 2.70 4.51 0.24 4.84 12.30 4.25 
! 94.89 2.78 x 106 1.03 2.37 4.67 0.24 4.43 12.30 4.59 
Weighting factor  t * * 1.00 
Oesired Frequency • 4.50 
NOte: (#) "" Oeslgn Variable (*) -. lero 
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which has the same properties as reported by the manufacturer and yields natural frequencies 
in close agreement with the frequencies of the real blade. Perfect agreement between the 
simulated and real blade is impossible because of incompletely reported data and limitations of 
the finite-element representation. 
The blade that is considered is articulated with a rigid hub. The blade is considered to be 
rigid from the center of rotation up to Station 11. where there is a hinge for flapping. At Station 
34.5, there is a hinge for inplane motion. The blade is pretwisted, and a root spring is present 
for torsional motion. The matching finite-element model is shown in Table I1. Note that a 
twelve element model is employed, and that element 2 is utilized to stimulate the inplane hinge 
(the computer program employed does not have provision for hinges at differing locations). 
The table also contains some addition information used in the optimization, such as the rotation 
speed, axial stress bound and autorotation bound. The subscript o refers to unchangeable area 
and mass moment of inertia, while b refers to the contribution of the box-beam in the initial 
design. The symbols used to define the trailing edge cell are as defined in Fig. 2. The applicability 
of the finite-element model of the initial design is considered to be adequate because of the 
very close agreement between the six frequencies (first three flap. first two inplane and first 
torsion) reported by the manufacturer and those obtained by the analysis of the finite element 
model. The only noticeable frequency discrepancy was for the second inplane, and even in that 
case the difference was only 5%. 
2.5. I Modification of the existing blade. The first optimization is based on the assumption 
that an existing blade is to be modified via the addition of lumped weights and the modification 
of the control-system stiffness. The box dimensions are assumed to be fixed, and everything 
pertaining to elements 1 and 2 is also assumed to be unchanged. Thus the lumped weights of 
elements 3 through 12 and the root spring stiffness form the eleven decision variables in this 
optimization. Upper and lower bounds on the lumped weights are defined in Tables 12 and 13. 
The optimization runs are done in two stages. In the first stage, summarized in Table 12, the 
objective function is the ~,eighted sum of squares of differences in frequencies. Weighting 
factors for the third flap and third inplane modes are generated by the computer program, and 
employed to move the frequencies away from 4.99/rev and 19.86/rev, respectively. The desired 
frequencies are 4.50 and 19.5; and after the first stage, the third flap and third inplane are 4.64 
and 19.31/rev, respectively. At the same time, all of the remaining seven frequencies are 
constrained to remain within the "windows" of acceptable frequency. Thus, after stage 1, 
frequency displacement objectives have been satisfied. At the same time, the blade weight is 
increased only from 165.44 to 165.97 lb. The output from stage one is used as input for stage 
2. As summarized in Table 13, the program is allowed to draw the third flap and third inplane 
frequencies even closer to the middle of the window before the objective function is switched 
to weight minimization with constraints on all nine frequencies. The final result of the optimi- 
zation is that the blade weight is reduced to 158.87 lb (4% reduction from the initial design). 
All nine frequencies are placed reasonably away from integer multiples of the rotor speed. There 
are five frequencies that are actively constrained at optimum, and one lumped weight is at its 
minimum value. A total of 30 iterations are used for the first stage and 17 for the second stage. 
A different approach can also be considered in the first stage frequency placement. Rather 
than lowering the third flap and third inplane frequencies, one can attempt to raise the third 
flap towards 5.50/rev, while lowering the third inplane. The results from that run are not 
documented herein, because the attempt was unsuccessful. The program raised the higher 
weighted third flap. as desired; but the lower-weighted, third inplane was also raised. Clearly, 
conflicting demands are being imposed, because lowered nonstructural mass will tend to raise 
all frequencies. It would appear that modification of existing blades for frequency control should 
be based on either raising all undesirable frequencies or lowering all undesirable frequencies. 
A mixture of raised and lowered frequencies, although not impossible, does appear to be much 
more difficult to attain. 
2.6.2 Redesign of the e,risting blade. The second optimization problem is based on the 
assumption that a new blade is being designed. The initial design, as defined in Table 12, is 
used as a starting feasible design for the blade. The result of the entire two stage optimization 
is presented in Table 14. All of the box dimensions (flange thickness, t~. wall thicknesses, d~ 
and d:, and lumped weights, w) are considered to be design variables, along with the control- 
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Table 13. Continued frequency placement and final minimized weight design-articulated blade v, ith f ixed box- 
beam dimensions 
Element No. 1 Z ] & S 6 ? 8 9 10 11 12 
,Sox §cam t ( in )  I 
F 
SOX Seam d l ( in )  [ See Tab(e 11 for f ixed v l tue l  
F 
8ox Seam d2( in )  i 
F 
# Lumped Weight I 15.37 12.55 10.43 8.28 ?.OZ 7.7Z 10.85 6.9?  10.01 6 .19  
( tb )  F 10.05 11.63 9.82 6.51 3.39 7.41 12.49 6.24 10.00 8.75 
Axis( Stress I 0.80? 1.015 0.780 1.?07 1.785 1.628 1.T3~ 1.492 1.588 1.147 0.676 O.ZO$ 
(ps i )  x 104 F 0.808 1.818 0.786 1.733 1.818 1.673 1.011 1.588 1.697 1.241 0.785 0.261 
(For  e lements  $ and 11: 0 .0 • Lumped Weight • 30.0 tbs. Art otheP l te l tn t l :  4.0  • L~d Weight • 30.0  tbs . )  
Neture( frequencies (Ho . / rev , )  
FLipping Inptane Torsfon 
(hinged) (hinged) (spr ing)  
1.00 • p l  • 1.50 0.30 < p l  • 0 .70 3 .30 • p l  • 3.70 
To(st mass # Root-Spring Z.40 • p2 • 2.80 6 .40  < p2 • 6 ,80  13.40 • p2 • 13.80 
Weight St i f fness ; .30  • p3 • 4 .?0 19.30 • p3 < 19.70 2S.40 • p3 • Z5.80 
( tb )  ( in .  tb l rad . )  pl p2 p3 p l  p2 p3 pl 
I 165,97 0,1936 x 106 1.03 2.58 4.64 0.54 6.74 19.31 3.53 13.75 ]5 .63  
F 158.07 0.1426 x 106 1.03 2.65 4.TZ 0.53 6.78 19.37 3.40 13.79 25.?5 
Weighting Factor $.91 1.00 
Desired Frequency * • 4,30 19.50 
Note: (#) Indicates Oesign Var iebte 
( * )  Ind ics te l  frequency not intruded in object ive function 
( i .e . :  zero weighting factor)  
system stiffness. Elements 1 and 2 are considered to be unchangeable. Thus the optimization 
problem has 41 decision variables. During the first stage, the third flap and third inplane 
frequencies are brought inside the appropriate frequency windows (20 iterations). Then the 
second stage optimizes the weight of the blade while constraining all frequencies to remain 
inside their frequency windows (20 iterations). The resulting design weighs 155.25 lb (a 6.5% 
weight reduction) while maintaining appropriate frequency placement. There are three fre- 
quencies that are actively constrained at optimum, and two lumped weights are at their minimum 
value. It is to be expected that a lower blade weight is obtained when the program has the 
ability to vary the blade stiffness in addition to nonstructural mass. That is exactly what is found 
here. The blade obtained from the second optimization problem is 3.6 lb less than the weight 
obtained from the first problem. 
3. RELATION BETWEEN VIBRATION AND FREQUENCY PLACEMENT 
3. ! Formulat ion 
In this section, we would like to show whether or not the forced response of the blade can 
be adequately controlled, as we have assumed, by our approach of "frequency placement," 
that is, of  restricting the natural frequencies of the blade to lie within narrow intervals located 
away from certain integer multiples of the rotor speed. Also we would examine whether or not 
aerodynamic damping substantially reduces the resonant peaks, in which case concern about 
avoiding resonances through proper selection of frequency windows would be unnecessary. 
Finally, the sensitivity of the optimal design to the choice of frequency window will be studied. 
This investigation is carried out as follows. The response of initial and final designs are 
evaluated as a single blade natural frequency is varied (the others being held fixed). In each 
case, a forcing function containing harmonics of the rotor speed is applied. Cases with and 
without aerodynamic damping are considered. 
Figure 4 shows a plot of the forcing amplitude V 0 used in the study. Given the forcing 
amplitude, we can calculate the response of  each node of the finite-element representation of 
the blade as the value of the forcing frequency, w, is varied. The tip (finite-element node farthest 
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FORCING FUNCTION 
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Fig. 4. Radial variation of forcing function. 
from the hub) response is of special interest. Before the results obtained from this study are 
presented, it is useful to review the frequency placement results ~hich were described earlier 
in this paper. The results for the frequencies tin units of cycles/rev) are. for flapping mode 
only. 
Mode Initial design Final design 
Ist 1,18 1.1~ 
2nd 3,22 3.09 
3rd 5,89 5.67 
The frequencies in the above table correspond to the symmetric modes of a teetering rotor. 
Thus only even harmonics of the rotor speed have been considered as forcing frequencies. 
As a result, the optimized blade (Final Design) finds the third mode away from the critical 
6.0/rev (from 5.89 to 5.67). Similarly, the movement of the second mode to 3.09/rev re- 
moves it from 2.0 and 4.0/rev. 
INITIAL DESIGN(With And Without Aerodynomics) 
Z 
, 
I$'0 W 131bZ~i 
With I 5.0 I- ~&erodynamics ~ 
i 
0,01 I I I I r I 
15 2.0 25 50 55 40  45 
W2(No Rev) Wl(=l.18) And W3(=522) ~re Fixed 
Fig. 5. Sum of squares of shears versus second natural frcqucnc~ f~,r initial d¢,,i~n both ~,,.ith and without 
damping (where forcing function is c~cn integer muhip[e~ 
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FINA DESIGN (With And Without Aerodynamics) 
°°r o I I" 
wit.o.t | / I 
Aerodynamics / I 
~ 6.0 I 
~ 4.0 
2.zz with / ~_  ! /  I i Aerodynamics ~ 
z.o . . . .  z ,~- - -  J 2.1 Ib ~ I 
==~ Final Design 
I 
= I 
O0 =1 = I 
,.5 2'o 2'5 3.o 3!5 40 45 
W2(No Rev) Wl(=l.18) And W5(=5.67) Ate Fixed 
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Fig. 6. Sum of squares of shears versus third natural frequency for initial design both with and without damping 
(where forcing function is even integer multiple). 
3.2 Response due to even-integer harmonics 
We will consider only the even integer forcing frequencies for which the collective modes 
are optimized. Thus the forcing function may be written as 
{F( t )}  = V,_ e i : ' '  + V4 e i4"'r + V6 e i6"' + Vs e i8"', 
where w = rotor speed and V, = l/n * V o. Since the arguments of the exponentials are even 
integer multiples of w only, the resonance will expectedly occur at an even integer of harmonics 
of the rotor speed. The response of the shear stress is studied in this section. 
Results for this case are shown in Fig. 5, where the sum of the squares of the shear 
harmonics is plotted as a function of w_, (w~ and w~ are fixed; w~ = 1.18 and w3 = 5.89). The 
figure corresponds to the initial blade design. Resonance peaks occur at 2 and 4/rev. Thus, for 
the shear response, a second frequencies around 3.0 would be the suitable choice for w: as 
design frequency. Figure 6 is a similar comparison for a variable value of w3 (wt = 1.18 and 
w,_ = 3.22 are fixed). Here the resonance is at 6.0/rev, and w3 = 5 or w3 = 7 would be ideal. 
FINAL DESIGN (With And Without Aerodynamics) 
IO.C ' r -  I 
8.C t Without 
v ~ -~ 4.c6"C J ~nami ,~ l  
2.C 
O.C 
¢:2,°,\ 
2 I IbZ/ !,,-----Final Design 
I 
5'o 515" 6'.0 6'.5 7'.0 T.5 
W3(No Rev) Wl(=l.181 And W2 (3.09) Are Fixed 
Fig. 7. Sum of squares of shears versus econd natural frequency for final design both with and without damping 
(where forcing function is even integer multiple). 
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INITIAL DESIGN (With And Without Aerodynamics) 
'O'O 
8.0 
Without  . 
w, , .  w,,. 
i~'~lnit ial Desiqn I 
i I 
= I 
I I 
0.0 I i I 
4.5 5.0 5.5 6.0 6'.s 7!o 
W3(No Rev) Wl(=l.18) And W2 (=3.22) Are  F ixed  
Fig. 8. Sum of squares of shears versus third natural frequency for final design both with and without damping 
(where forcing function is even integer multiple). 
Results are shown in Figs. 7 and 8 for the final design blade. Again, it is noted that the 
resonance peaks appear at even integers. A comparison of Figs. 5 and 6 with Figs. 7 and 8 
shows the relatively lower vibrations of the final design. In either case, however, we see the 
sensitivity of vibrations to frequency, even with aerodynamics. 
4. SUMMARY AND CONCLUSION 
The optimization technique works very successfully on the design of rotor blades even 
when there are as many as 72 constraints. The most efficient optimization procedure involves 
two steps. In the first step, the objective function is based on frequency placement with ap- 
propriate structural constraints. In the second step, the objective function is weight with fre- 
quency windows as constraints. 
As far as the optimization of helicopter blades is concerned, the appropriate constraints 
include autorotational inertia, axial stress, geometric limitations of the cross-section and the 
placement of mass center forward of the quarter chord. 
Proper choice of input data can ensure the optimization runs smoothly and converges faster. 
Although we have used up to 55 full constraints and 41 side constraints at one time, the program 
works very well. The reason may be due to the fact that the input data are practical enough to 
meet (or to be close to) most of the constraints even before the optimization starts. However, 
if we start the optimization with random input data, the results may not be as good as expected. 
The forced response of the blade can be adequately controlled, as expected, by the approach 
of "frequency placement." 
The optimization techniques results in realistic designs by placement of mass at antinodes 
or nodes, by adding stiffness at antinodes or nodes, and by placing mass near the tip to achieve 
autorotational inertia at minimum weight. 
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